Abstract. In this paper we consider Diophantine equation x 4 + y 4 = z 4 + w
Introduction
It is known that the Quartica X 4 + Y 4 = Z 4 + W 4 has infinitely many integer solutions. Leonard Euler found the first parametric solution. It was proved in the (see [Bi1] by Swinnerton-Dyer that this diophantine equation has infinitely many rational parametric solitions.The following authors have found various parametric solutions: (see [Bi2] , [Hr] . The aim of this paper is to give algorithm finding all solutions of this Quartica.In the Section 2 we show that this Quartica is equivalent to a system of two equations of the third degree in six variables.We prove that every rational point on Quartica can be mapped to a rational point which is solution to this system of two equations, and the opposite: each rational point that is solution to a system of two equations can be mapped to a rational point on the Quartica. Our Quartica has elementary solutions : (m, n, m, n) and (s, t, −t, s). And this means that these elementary solutions are mapped to solutions of a system of equations we constructed. So we got two solutions of our system of equations. Next using these two solutions we find a new solution of our system of equations,as a result we get the expression depending on the 5 variables : (m, n, r, s, t).This expression is the cubic in variables m , n , r with coefficients depending on variables s and t.So we construct a family of cubic curves. We prove that this family of cubic curves contains images of all rational points of our Quartica.
As an example we take the Quartca point (59, 158, 133, 134) and build cubic curve of our family which contains the image of this point. We also prove the opposite: each rational point belonging to our family of curves is mapped to a rational point on the Quartica.
In the section (3) we build several new parametric solutions of our Quartica,using a parametric solution of Leonard Euler. At the beginning we find a point on our family of cubic curves depending on the parameters s and t.Then we find the image of this point on our
Quartica.That is, we get a parametric solution to our Quartica. This is the parametric solution of Leonard Euler.In accordance with our costruction every solution on Quartica can be associated to a new solution.We call it the pair solution. Using Mathematika 7 + we find a parametric solution to pair solution of Leonard Euler. Because every point on the Quartica has image on the cubic curve and opposite, and on the cubic curve there exist associative operation we can construct new solutions using solution of Leonard Euler.
The process looks like this :
1.We find the image of solution of Leonard Euler on the cubic, let us denote this point E 2.Using the tangent method we build the point E · E on the cubic.
3.We find the image of the point E · E on the Quartica -the new solution.
As an example we take the point E -(59, 158, 133, 134) .And we get the point E · E -((−8450072351), 520471467675, 487934246375, 59481958899)), and ((−3535404127283), (−132758926000), (3343735015475), (−2363831080408)) -the pair point.
Using Mathematika 7 + we find an appropriate parametric solution E · E and its pair.
In section 4 we present the algorithm for finding all rational points on the our Quartica.
Construction the family of elliptic curves
Lemma 2.1. The Quartica x 4 + y 4 = z 4 + w 4 then, and only then has a rational point (x,y,z,w) , if the system equations
has the rational point (a,b,x,y,z,w) .
Proof. To solve the system equations we receive:
And opposite:
and we get the initial system equations:
Theorem 2.2. The system of equations:
. has two parametric solutions :
Proof. Points:
x = m, y = n, z = m, w = n x = s, y = t, z = −t, w = s are solutions of Quartica x 4 + y 4 = z 4 + w 4 ,therefore for Lemma 2.1 there must be a solution for system of equations:
To solve this system for a and b for every point we can to prove the Theorem 2.2.
Now we have a system of two equations of the third degree,and two solutions for this system.
Theorem 2.3. The system of equations:
) from the first equation of the system , and
)) from the second equation of the system
Proof. Substitute the expressions:
in each of the equations of our system.
Because (x = m, y = n, z = m, w = n, b = 0, a = r) and
are solutions to each of the equations ,we receive two linear equations for g,because g = 0 and g = ∞ are the roots of each of the equations.
If we compute value of g for each of the equations, we get the expressions for g specified in the condition of the theorem.
Now it is clear that condition for the existence of solution for system of equations and for Lemma 2.1 for equation x 4 + y 4 = z 4 + w 4 is the equality of two expressions for g from Theorema 2.3.
Consider the expression resulting from the equality of two expressions for g:
This expression is the cubic in variables m , n , r with coefficients depending on variables s and t. Proof. Suppose that (x,y,z,w) the rational point of equation, than for Lemma 2.1 there exist a and b so that (x,y,z,w,a b) the rational point of system equations.
Consider the system equations:
Suppose that g = 1,The discriminant of this system is not equal to 0,therefore m, n, s, t exist.
But the points (m,n,m,n) and (s,t,−t,s) are the solutions of Quartica x 4 + y 4 = z 4 + w 4 ,and therefore the points :
(m, n, m, n, 0, r),
are the solutions of system of equations.Now in in accordance with our construction the x, y, z, w, b = 1, a = (x 2 + z 2 )/(w 2 − y 2 ) are the solution of our system ,on the other hand because there are such m, n, s, Consider the system of equations:
If we substitute into the equation of the cubic the values of s and t we receive:
If we substitute in this cubic values m = 108, n = 183 we receive for r equation of second degree ,which must have one rational root of the g = 1. Since the equation is of second degree there is another rational root corresponding to the new solution.
Equation:72339650100 + 8604986400 · r − 1419379200 · r 2 = 0 has two rational roots: r1 = −2797/592, r2 = 3193/296
We substitute values for m, n, s, t to Quartica and receive:
This equation has two rational roots :the root g = 1 corresponding to the point (x = 59
, y = 158 , z = 133 , w = 134) on the Quartica and the point(m = 108, n = 183, r = −2797/592)on the cubic.And the root g 1 = 3193/296,corresponding to some new point on the Quartica:(x 1 = −134413, y 1 = −34813, z 1 = 111637, w 1 = −114613),and the point (m 1 = 108, n 1 = 183, r 1 = 3193/296) on the cubic.
So picking an arbitrary rational point (x = 59 , y = 158 , z = 133 , w = 134) on the Quartica we found the cubic to which belong the rational point (m = 108, n = 183, r = −2797/592), where (m, n, r) are functions from (x, y, z, w) and found one more point on the Quartica (x 1 = −134413, y 1 = −34813, z 1 = 111637, w 1 = −114613),corresponding to the point (m 1 = 108, n 1 = 183, r 1 = 3193/296) on the same cubic.
So the family of cubics is:
Since each point in our family of cubic curves match point-solution of cubic equations then by Lemma 2 the following is true: every point in our family of cubic curves match point on the surface containing images of all rational points of our Quartica.Since each point in our family of cubic curves match point-solution of cubic equations then Lemma 2 the following is true: every point in our family of cubic curves match point on the Quartica.
Construction of parametric solutions of Quartica
Consider the family of cubics constructed in the previous chapter:
Theorem 3.1. This family of cubics contains the point: (m = (−((s
Proof. To prove the theorem it is enough to equate to 0 two expressions in the left and right side of the equation for a family of curves. We get a system of equations:
Solving this system, provided that the r = 1,we prove the theorem Now we have the point on the family of cubics.Now construct a point on Quartica.For this we will solve the equation:
Or substituting the values for m and n:
Using the program Mathematika 7+ we receive:
And, accordingly:
This is the solution of Leonard Euler
In an example considered above 59, 158, 133, 134 corresponds to the solution of Leonard
Euler for s = 2,t = 1: (x = 134, y = 133, z = 59, w = 158).However, we got a new solution (x 1 = −134413, y 1 = −34813, z 1 = 111637, w 1 = −114613)Call it a pair of the solution of Leonard Euler.To find the solution in parametric form we will carry out the following:
Solve the system of equations:
) Solving this system we get:
Now we solve equation:
In accordance with our construction,this equation has the roots:
,g 3 = 1 -corresponds to the solution of Euler,and g 4 we compute with Mathematika 7+:
Substituting the value of g 4 in each of the expressions:
we get a new parametric solution : Because every point on the Quartica has image on the cubic curve and opposite, and on the cubic curve there exist an algebraic operation we can construct new solutions,using solution of Leonard Euler.
1.We find the image of solution of Leonard Euler on the cubic,let us denote this point E 2.Using the tangent method we build the point E · E on the cubic.
Example. We have the ratonal point on the Quartica : 59, 158, 133, 134
The cubic containg image of this rational point was constructed in the 2 chapter of this paper.
This is the cubic :
The image point is: m = 108, n = 183, r = (−2797/592)(from chapter 2)
Now we can use the tangent method for this cubic curve:
We substitude :m = 108 to M = (108 · g 1 + k) , n = 183 to N = (183 · g 1 + 1) , r = (−2797/592) to R = ((−2797/592) · g 1 + 2) :
So we receive:
We can choose the k so that the coefficient for g If E is the point on the family of curves corresponding to parametric solution of Leonard Euler,the parametric solution corresponding to the point E · E is: x = (sthe second point we must get the image of Euler solution for s = 1, t = 13,to solve the system of equations: 2 · m − 2 · n + r − r · 13 + 2 · m · 13 2 + 2 · n · 13 2 − r · 13 2 + r · 13 3 == 0, −2 · m + 2 · n + r + r · 13 + 2 · m · 13 2 + 2 · n · 13 2 − r · 13 2 − r · 13 3 == 0 .
Solving this system we receive the second point on the cubic curve:m 2 = (−92232/169), n 2 = 92316/169, r 2 = 1.
Now we look for a new point on the following cubic curve :(m 1 ·k+m 2 ), (n 1 ·k+n 2 ), (r 1 ·k+r 2 )
When substituting these expressions into the equation of cubic curve we obtain for k the equation of the first degree: 
